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Introduction
It is well known that shock absorber unit plays a significant role in an aircraft landing gear. Complicated design requirements for this unit need to be considered at the design stage of an aircraft. Specifically, under landing touchdown condition, the greatest energy dissipation requirement for the shock absorber is determined, as well as its general performance [1] . For this case, the shock absorber is required to dissipate all the impact energy without causing the aircraft to rebound, with the greatest energy absorption efficiency and the minimum gear load which represents passenger/crew comfort [2] . Nowadays, passive oleo-pneumatic shock absorbers are widely used in aircraft [3] .
The inerter is a recently introduced mechanical element, in which the properties are that the applied force is proportional to the relative acceleration between its terminals [5] . With the usage of inerter, a complete analogy between mechanical and electrical systems can be achieved and a much wider range of passive controllers can then be realised by mechanical networks. Recently, the beneficial use of inerters in vibration suppression for a wide range of mechanical structures has been identified, such as in road vehicles [6, 7] , railway vehicles [8, 9] , motorcycle steering systems [10, 11] and multi-storey buildings [12, 13] . References [14, 15] 
The inerter is a recently introduced mechanical element, in which the properties are that the applied force is proportional to the relative acceleration between its terminals [5] . With the usage of inerter, a complete analogy between mechanical and electrical systems can be achieved and a much wider range of passive controllers can then be realised by mechanical networks. Recently, the beneficial use of inerters in vibration suppression for a wide range of mechanical structures has been identified, such as in road vehicles [6, 7] , railway vehicles [8, 9] , motorcycle steering systems [10, 11] and multi-storey buildings [12, 13] . References [14, 15] considered the application of inerter for suppressing the landing gear shimmy vibration.
In this paper we investigate the performance advantages of a passive shock strut consisting of linear spring, damper and inerter elements during aircraft touch-down process. The paper is organised as follows. Section II presents a landing gear touch-down model and the dynamics of a conventional oleo-pneumatic shock absorber. Baseline performances are identified and landing touch-down performance criteria are then proposed. In Section III, the optimisation is performed using proposed candidate shock-strut layouts and minimising the maximum shock strut load. Beneficial inerter-based shock-strut configurations are identified. Conclusions are drawn in Section V.
Landing gear touch-down model and performance criteria
In this section, a two-degree-of-freedom (2DoF) landing gear model is reviewed, as well as the dynamics of a conventional oleo-pneumatic shock absorber. The model validity was demonstrated via the comparison between the calculated results and drop-test data [16] . Four performance criteria are then proposed.
Landing gear model and an oleo-pneumatic shock absorber
A 2DoF model shown in Fig. 1(a) is considered here to capture the aircraft touch-down dynamics. Note that this model is presented to capture the first compressive stroke of the shock strut, i.e., from initial contact with the ground to the first time when the relative velocity of the shock strut is slowed to zero. Such process is defined as the touch-down process in this work. As shown in Fig. 1(a) , the strut has a rake angle φ and the mass of the gear is split into that above the strut and that below it. M 1 represents the total of the upper gear mass and the fuselage mass acting on the gear and M 2 represents the lower gear mass, with the weight W 1 and W 2 respectively. The vertical deflections of the two masses are denoted by z 1 and z 2 , respectively, which are zero just prior to contact being made with the ground. The strut stroke s s measures the relative deflection of the shock strut, i.e. s s = z 1 − z 2 /cos φ. The free-body diagram of the touch-down model is shown in Fig. 1(b) . Apart from the gravity forces, there are also the aerodynamic lifting force L applied to M 1 and the tyre force F t applied to M 2 . The total aircraft weight is assumed to be fully balanced by lifting force during touch-down and linear force-deflection characteristics of the tyre are also assumed, giving
where k t is the linear tyre vertical stiffness. Balancing the forces acting on the two masses, the equations of motion for this system are written as follows:
where F s is the strut force along the strut axis. A descent velocity V 0 = 8.86 ft/s is used at the instant the wheels first touch the ground [16] . Note that only this normal impact condition is considered here because the applicability of the model and parameters used in the analysis was investigated in [16] for this condition.
The schematic view of a conventional oleo-pneumatic shock absorber is illustrated in Fig. 1(c) . The hydraulic fluid is within the lower chamber of the strut and the pressurised gas in the upper chamber. When the strut is compressed, the fluid is forced through the orifice producing a damping force. Meanwhile, the air is compressed and provides a gas spring force [17] . Then the total strut force can be expressed by
where F h and F a denote the hydraulic damping force and air spring force, respectively. The expressions of these two forces are given by
where the parameter definitions of A d , p a 0 , A a , v 0 and n are illustrated in Table 1 . Further details of the shock absorber model can be found in [16] . The parameter values of the landing gear touch-down model and the conventional shock absorber used in [16] and in this paper are summarised in Table 1. A few values (noted by *) were not given in [16] but have been provided in Table 1 by matching the responses shown in [16] . 
Proposed performance criteria
According to the design requirements for touch-down case, namely, to dissipate all the impact energy with the greatest energy absorption efficiency and minimum gear load, four performance criteria are taken into consideration here. First criterion is the maximum strut load applied to the fuselage, F smax . It is of significance considering passenger discomfort and undesirable structural loading. The maximum strut stroke s smax is regarded as the second criterion. Due to the space limit of a landing gear, a smaller s smax is more preferable. The third criterion is the shock-strut efficiency, η s , which represents the energy absorption ability of the shock strut. Following [3] , η s is defined as
Moreover, the reduction of kinetic energy during touch-down process is treated as the last performance criterion. Since the same operation condition V 0 = 8.86 ft/s is considered for the following discussion, we use the absolute value of the aircraft vertical velocity at the end of touch-down process, |V end |, to represent the last criterion, which is given by
where t end marks the end of touch-down, whenż 1 −ż 2 = 0 for the first time after the wheels touch the ground.
Optimisation results
Four candidate shock strut layouts are proposed first in this section. The response of the landing gear with the conventional shock absorber is treated as the baseline for the optimisation. The maximum strut load is used as the objective function while the remaining performance criteria as constraints. The beneficial shock-strut configurations and the corresponding performance improvements are identified from optimisation. In the following discussion, the notation 'L' is used to specify the mechanical network layout and 'C' is for the configurations which represent optimised layouts with the value for each element identified.
Optimisation procedure and candidate layouts
Using the values in Table 1 , the baseline touch-down performance can be calculated that F smaxd = 6380.3 lb F , s smaxd = 0.53 ft, η sd = 81.5%, and |V endd | = 2.09 ft/s (the additional subscript 'd' stands for 'default'). In this paper, the maximum strut load F smax will be used as the objective function to be minimised, with the constraint that the remaining three performance criteria must be no worse than that with the default configuration, i.e. s smax ≤ s smaxd , η s ≥ η sd , |V end | ≤ |V endd |. For the optimisations performed in the present work, we used the Matlab command patternsearch first and then fminsearch for fine-tuning of the parameters.
Four candidate shock-strut layouts are proposed here, as shown in Fig. 2 . Note that for each layout there will be a spring in parallel, k s , to make sure that the aircraft can be supported by the landing gear at the rest position. The lower bound for k s is set to k s = 4884.2 lb F /ft such that the deflection of the gear matches that of the default gear when supporting the aircraft at rest (s s = 0.50 ft for a force of 2464.9 lb F ). Among the four layouts, L1 is the parallel spring-damper layout; L2 includes an inerter in parallel with L1; L3 is the layout of a series inerter-damper arrangement in parallel with k s ; LY represents a general layout with k s in parallel. Optimisations will be carried out over these four layouts and for each layout, it will be conducted for the case where k s = k s and for k s > k s .
When designing mechanical vibration absorbers, one of the crucial demands is to minimise the layout complexity due to space and weight limit. The potential of layouts with the lowest complexity can be investigated using L1-L3 while LY allows for a more complex mechanical structure to be considered. In this paper, a general positive-real frequency function Y(s) is considered to represent layout LY, giving
where s is the Laplace variable, F s (s) and ṡ s (s) are the force and the relative velocity of the strut in the Laplace domain, respectively. Y(s) can be realised by a network consisting of springs, dampers and inerters using the network synthesis method [18] . In order to reduce the complexity of LY but still covering a reasonable range of possibilities, Y(s) is set to be a biquadratic function, in which the numerator and denominator are second-order functions of s,
where the parameter values (A, B, · · · , F) are all non-negative and are chosen via optimisation. When considering k s = k s , the constraint F > 0 is considered to ensure that Y(s) does not require an additional parallel spring to supplement k s . Based on the optimal values of A, B, · · · , F, the corresponding network can be identified. Then we would apply a simplification procedure to investigate whether a simpler layout may be used. The first step is to check whether the performance deteriorates significantly when the least significant element(s) is/are removed, for example, the elements whose values are small (when in parallel) or large (when in series) compared with the remaining ones. After that, new optimisation is performed over the simplified network layout and to identify the optimal element values. Similar procedures have been successfully demonstrated in [13, 15] .
Identified beneficial configurations
The optimisation results are summarised in In contrast to the simpler layouts L1-L3, when k s = k s , a 21.6% reduction in F smax can be obtained by CY. Using relevant network synthesis theory, the network realisation is identified and shown in Fig. 3(a) as layout L4. In this layout, an inerter is in parallel with the supporting stiffness, as well as a combination of two dampers and an internal spring. Note that layout L4 can be reduced to L2 if c 1 in L4 is set to infinity. Configuration CY v provides the maximum improvement in F smax , with up to 22.0% reduction. The resulting mechanical network, labelled L5, is illustrated in Fig. 3(a) . Note that both layouts L4 and L5 consist of five mechanical elements but in different arrangements. Further optimisations over L4 and L5 in which the inerter is removed are carried out. Based on the results and the simplification procedure, it can be found that both the optimal solutions are similar with the C1 v configuration. This suggests the performance improvements obtained by CY (layout L4) and CY η (layout L5) require the inclusion of the inerter. Hence, considering the performance improvements and practical parameter values, we treat C2 v , CY and CY v as the optimum configurations for the F smax optimisation. The load-stroke curves provided by the optimum struts, as well as the default and C1 v configuration, are compared in Fig. 3(b) . In addition, since for a normal landing the aircraft descent velocity may be lower than 8.86 ft/s, a further analysis for checking landing performances when considering a wide range of descent velocities (3-8.86 ft/s) and assuming the model is always applicable is carried out. It can be found that all the inerter-equipped landing gears will be beneficial than the default system for the full range of velocities considered.
Conclusions
This paper has investigated the potential benefits of inerter-integrated shock struts for minimising the maximum strut load applied to the fuselage during aircraft touch-down process. Based on a 2DoF model with the conventional oleo-pneumatic shock absorber, the baseline touch-down performances are obtained. With the restriction that the optimum shock struts obtain the touch-down performance no worse than the baseline system, the optimisations have been carried out using four candidate shock strut layouts. With a five-element configuration and an increased static spring, up to 22.0% reduction on the maximum strut load is obtained comparing with the default system. The benefits of including an inerter in the layout are also evidenced.
